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Groups all of whose undirected Cayley graphs are determined by their spectra 


Alireza Abdollahi, Shahrooz Janbaz and Mojtaba Jazaeri 

Let G be a finite group, and S be a subset of G\{1} such that S = S' -1 . 
Suppose that Cay(G, S) is the Cayley graph on G with respect to the 
set S which is the graph whose vertex set is G and two vertices a, b £ G 
are adjacent whenever ab~ x e S. The adjacency spectrum Spec(T) of a 
graph T is the multiset of eigenvalues of its adjacency matrix. A graph 
T is called “determined by its spectrum” (or for short DS) whenever 
if a graph T' has the same spectrum as T, then T = T'. We say that 
the group G is DS (Cay-DS, respectively) whenever if T is a Cayley 
graph over G and Spec(T) = Spec(V) for some graph (Cayley graph, 
respectively) T', then T = D. In this paper, we study finite DS groups 
and finite Cay-DS groups. In particular we prove that all finite DS 
groups are solvable and all Sylow p-subgroups of a finite DS group is 
cyclic for all p > 5. We also give several infinite families of non Cay-DS 
solvable groups. In particular we prove that there exist two cospectral 
non-isomorphic 6-regular Cayley graphs on the dihedral group of order 
2 p for any prime p > 13. 


1. Introduction and Results 

Let G be a finite group and 5 be a subset of G\ {1} such that S = S~ * 1 . The Cayley graph Cay(G, S ) 
is the graph whose vertex set is G and two vertices a,b £ G are adjacent whenever ab € S. The 
adjacency spectrum Spec(T) of a graph T is the multiset of eigenvalues of its adjacency matrix. Two 
graphs T and T 7 are called cospectral if Spec(T) = Spec(T') and T' is called to be a cospectral mate 
for T. A graph T is called determined by the spectrum, if T is isomorphic to all its cospectral mates. 
Also, we say that the group G is DS (Cay-DS, respectively) whenever if T is a Cayley graph over G 
and Spec(T) = Spec(V') for some graph (Cayley graph, respectively) T', then T = D. In general a 
Cay-DS graph (which is a Cayley graph) is not necessarily a DS graph (see Proposition 13.11 below). 
The characterization of DS graphs is very difficult and goes back to about half of a century and it is 
originated in chemistry [ffl OS]. For a survey of results on DS graphs one may see |2~4j and references 
there in. It is well-known that all regular graphs with at most 9 vertices are DS f9j page 398]. So all 
groups of order at most 9 are DS. It is proved that no two non-isomorphic Cayley graphs on the same 
group of prime order are cospectral (see urn- By our terminology, this means that the cyclic group C p 
of prime order p is Cay-DS. In contrast, it is shown that D 2 P is not Cay-DS for any prime p > 129 (see 
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[3]). It is shown in [16j that the projective special linear group PSLd(¥ q ) of dimension d over the field 
F ? with q elements is not Cay-DS for certain values of d and q. In this paper we study the following 
questions. 

Question 1.1. 

(1) Which finite groups are Cay-DS? 

(2) Which finite groups are DS? 

Throughout the paper we use the following notations: C n denotes the cyclic group of order n; the 
dihedral group of order 2 n is denoted by Z? 2 n- 
Our main results are: 

Theorem 1.2. (1) Every Sylow p-subgroup of any finite Cay-DS group is cyclic whenever p > 5. 

Every Sylow 5-subgroup of any finite DS group is cyclic. 

(2) Every Sylow 2-group of a Cay-DS group is of order at most 16. 

(3) Every Sylow 3-subgroup of any finite Cay-DS group is either cyclic or is isomorphic to C 3 x C 3 . 

Theorem 1.3. Let p be a prime number and D 2 P denotes the Dihedral group with 2 p elements. Then 
the group Z? 2 p is Cay-DS if and only if p G {2,3,5,7,11}. In particular there exist two cospectral 
non-isomorphic 6 -regular Cayley graphs on the dihedral group of order 2 p for any prime p > 13. 

As we mentioned above it is shown in [3] that D 2 P is not Cay-DS for any prime p > 129, so what 
Theorem [L31 may have as a new result is about the primes less than 128 and also the degree 6 of the 
regularity of non-DS Cayley graphs on D 2 P - 

Theorem 1.4. Every finite DS group is solvable. 

2. Preliminaries 

In this section we state some facts and results which are needed in the next sections. 

Proposition 5.1 of [16] shows that every subgroup of a finite Cay-DS group is also Cay-DS. The 
proof of the following proposition is the same as Proposition 5.1 of m , we give it here for the reader’s 
convenience. 

Proposition 2.1. Let G be a finite group and H be a subgroup of G. If H is not DS (not Cay-DS, 
respectively), then G is not DS (not Cay-DS, respectively). In particular, the classes of finite DS groups 
and Cay-DS groups are closed under taking subgroups. 

Proof. By hypothesis there exists a Cayley graph Cay(H,S) which is not DS (Cay-DS, respectively). 
Therefore there exists a graph T (a Cayley graph Cay(K, S') for some group K and a symmetric subset S' 
of I\ , repectively) which is cospectral and non-isomorphic to Cay(H, S ). On the other hand, Cay(G, S) 
has | G : H\ connected components isomorphic to Cay(H, S). Thus the disjoint union of | G : H\ copies 
of T ( Cay{K , S') respectively) is a non-isomorphic cospectral mate of Cay(G, S) and so G is not DS. 
Note that Cay(K x C\ G , H \,S' x 1) is isomorphic to the disjoint union of | G : H\ copies of Cay(K, S'), 
where S' x 1 = {( 2 ,1) | x G S'}. Therefore, in the case G is not Cay-DS, H is not also Cay-DS. This 
completes the proof. □ 
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Remark 2.2. If T and r ; are two non-isomorphic copsectral regular graphs, then their complements F 
and r' are also non-isomorphic copsectral. The complement of a Cayley graph Cay(G , S) is Cay(G, (G\ 
S') \{1}). If G ^ (S) or equivalently Cay(G , S) is disconnected, then G = {(G\S) \{1}) or equivalently 
Cay(G, ( G\S)\ {1}) is connected. These observations show that a group is DS (Cay-DS, respectively) 
if and only if all of its connected Cayley graphs are DS (Cay-DS, respectively). 

We need the following lemma to show that the property of being Cay-DS is closed under taking 
quotient group. 

Lemma 2.3. Let A and B be two nxn symmetric matrices and Jk denotes the k x k matrix of all one. 
If for a permutation matrix P a we have P a (Jk ® A) P” 1 = Jk® B, then there is a permutation matrix 
P& such that P^AP^ 1 = B. 

Proof. It suffices to compute indexes of permuted rows and columns of Jk®A under P a and P” 1 module 
n. In this way, one can construct a permutation matrix P^ of size n such that P^AP^f 1 = B and this 
completes the proof. □ 

Theorem 2.4. Let G be a finite group. Then G is Cay-DS if and only if all of its quotient groups are 
Cay-DS. 

Proof. Let G be a finite group such that all of its quotient groups are Cay-DS. Then the quotient 
group G/{ 1} is Cay-DS, which implies that the group G is Cay-DS. Now suppose G is Cay-DS and 
IV is a normal subgroup of G. We will show that the quotient group G/N is also Cay-DS. We use a 
similar argument as in the proof of Lemma 3.5 of [T], Suppose that G/N is not Cay-DS. Then there exist 
symmetric subsets S and T of the quotient group G/N and a group H , respectively such that two Cayley 
graphs T = Cay(G/N, S) and Cay(H,T ) are non-isomorphic and they are cospectral. Let k = |IV| and 
e is the identity element of the cyclic group Ck of order k. Note that Cay(H,T ) = T = Cay(H, R), 
where H = H x {e} and R = T x {e}. It follows that, there exist subsets Si and Pi of G and H x Ck 
respectively, such that we have S = {IVs|s € Si} and P = {Pr|r e Pi}. Let S = U s& S\Ns — {1} and 
P = L \ r& n 1 Hr — {1}. It is easy to see that both S and P are symmetric subsets of G and H x Ck 
respectively and these subsets does not have the identity element of the corresponding groups. Let 
A and B be the adjacency matrix of the T and T 7 respectively. It is straightforward to see that the 
adjacency matrix of Cay(G,S ) and Cay(H x Ck,R) are Jk® A and Jk ® B respectively, where Jk is 
the k x k matrix of all ones. The spectrum of these two latter adjacency matrices are equal, since 
Spec(A) = Spec(B) and the eigenvalues of Jk are 0 with multiplicity k — 1 and k with multiplicity 1. 
Now by Lemma [2.31 the two adjacency matrix Jk® A and Jk® B are not similar. So, we conclude that 
the group G is not Cay-DS which is a contradiction. This completes our proof. □ 

The graph Cay(G,S ) is called Cayley isomorphism (for a short Cl-graph) whenever if Cay(G,S i) = 
Cay(G, S 2 ), then there exists an element a £ Aut(G) such that S f = S 2 . A finite group G is called 
a Cl-group if all Cayley graphs of G are Cl-graphs. All circulant Cl-graphs (i.e. Cayley graphs over 
cyclic groups) are determined as follows. 
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Theorem 2.5 ffT8llT9|). The cyclic groups which are Cl-groups are precisely those of order n, where n 
is 8, 9, 18 or n = 2 e m, where e £ {0,1,2} and m is odd and square-free. 

Dihedral groups D 2 P are also Cl-groups. 

Theorem 2.6 ([2]). For any prime number p, the dihedral group D 2 P is a Cl-group. 

The Paley graph is a graph over a finite field GF(q ) such that q = 1 (mod 4) and it is denoted by 
P(q). The elements of the field are the vertices of Paley graph and two vertices are adjacent whenever 
their difference is a non-zero square in that field, it is well-known that Paley graph is a strongly regular 
graph with parameters ( v , k, A, p) = (4£+l, 2t, t — 1, t) and it is a Cayley graph over the group Clf. where 
q = p k . A strongly regular graph with these parameters is called conference graph. It is famous that a 
strongly regular graph is determined by its spectrum if and only if it is determined by its parameters. 
The Paley graphs P{ 5), P(13) and P(17) are the unique strongly graphs with these parameters; on the 
other hand it can be found in [6] that there exist at least 41 strongly regular graphs with the same 
parameters as P(29), at least 82 strongly regular graphs cospectral with P{ 37) and at least 120 strongly 
regular graphs cospectral with P(41). Furthermore, there are 15 non-isomorphic strongly regular graphs 
with parameters (25,12,5,6) (see [21]). 

The Peisert graph, denoted by V*(q) is defined for q = p r , where p is prime and p = 3 (mod 4) and 
r is even. Let a be a generator of GF{q ) and M be a subset of GF(q) as follows: 

M = W\j = 0.1 (mod 4)}. 

The vertices of V*{q) are the elements of GF{q ) and two vertices are adjacent if their difference is 
in M. Peisert graphs was first defined by Peisert in [20]. The Paley graph P{q) and the Peisert graph 
V*(q) are strongly regular graphs with the same parameters. 

Lemma 2.7 (Lemma 6.2, 6.4 and 6.6 of [20 ]). If p = 3 (mod 4), then the V*(p r ) is not isomorphic to 
the Paley graph P(p r ), except when p r = 3 2 . 

Definition 2.8. An affine plane is a point-line incidence structure which satisfies the following condi¬ 
tions: 

(i) Given any pair of points, there is exactly one line incident to both points. 

(ii) Given a point p and a line l not incident to p, there is exactly one line l' through p which does 
not meet l. 

(Hi) There exists a set of four points, no three of them are incident to a common line. 

Let AG(2,q) denote the affine plane of odd prime order q derived from the ordered pairs of ¥ q x ¥ q . 
Let A denote a subset of 

( h /) U 

y& q 


Where, 


l y = {(c, cy) : c£ FJ, = {(0, c) : c £ F g }. 
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We define G(A, q ) to be a graph on the points of AG (2, q ) such that two points are adjacent if and only 
if the line incident to both points has slope m such that m £ A. It is well-known that if |A| = then 
G(A, q) is a conference graph. It is easy to see that all graphs of these types can consider as Cayley 
graphs over C p x C p . 


3. Forbidden subgroups of DS groups 

In view of Proposition 12. 11 it is important to know which groups of prime order are not Cay-DS. 
Proposition 3.1. The groups of orders 29, 37 and 41 are not DS. 

Proof. It is known that there are exactly 41 strongly 14-regular graphs on 29 vertices with parameters 
(29,14, 6 , 7) (see [ 12 ] page 856]). One of these strongly regular graphs is the Paley graph V(29) which is 
a Cayley graph on the cyclic group of order 29. It follows that there are 40 non-isomorphic cospectral 
mates for V(29). This implies that C 29 is not DS. The same argument can be done for 37 and 41, noting 
that there exist at least 82 strongly regular graphs cospectral with P( 37) and at least 120 strongly 
regular graphs cospectral with P(41) (see [ 6 ]). □ 

In this section we prove that any finite group G with a subgroup isomorphic to C p x C p for prime 
number p > 5 is non-DS. Also, we introduce some forbidden subgroups for DS groups. The Peisert 
graph V*(p 2 ) is not isomorphic to the Paley graph P(p 2 ), where p = At + 3 > 7 is prime by Lemma 
I2T1 and in general case, in the following theorem, we prove that there exist cospectral non-isomorphic 
Cayley graphs on the group C p x C p , where p > 5 is an arbitrary prime number. Let GL(2,p) be the 
group of all invertible 2x2 matrices over a finite field GF(p ) and PGL(2,p) be the quotient group of 
GL{2,p) over the center of GL(2,p), i.e. {cl 2 \C p \ {0}} which is denoted by Z(GL(2,p)). 


Theorem 3.2. Let G he a finite group and p > 5 be a prime number. If H is a subgroup of G which is 
isomorphic to C p x C p , then G is not Cay-DS. If C 5 x C 5 is isomorphic to a subgroup of G, then G is 
not DS. 

Proof. As we mentioned before, the graph G(A,p) is a conference graph whenever |A| = 2±1. it 
is trivial to see that this graph is Cay(C p x C p ,Sa ), where Sa = {iy\y £ A} \ {(0,0)}. Let T be 
collections of all Sa■ Following 0, PGL(2,p) acts on the set T (see section 4 of [ 8 ]). Suppose in 
contrary that all Cayley graphs of these types are isomorphic. Therefore T = {(SA) 9 \g £ PGL(2,p)} 
for some fixed A since C p x C p is a Cl-group. Hence the order of an orbit of Sa, for some fixed A is 
[PGL(2,p) : (PGL(2,p)) S a \. It follows that |T| = [PGL(2,p) : (PGL{ 2,p)) s J. Thus 

|T| = (^) = [PGL{2,p) : (PGL( 2, P )) S J = 

Therefore (?+i) divides \PGL(2,p)\ . On the other hand, \PGL(2,p)\ = ^ and clearly (p + 

l)!|( £ ^-)!( £ ^-)!(p —l)(p +l)p. It follows that {p — 2)!|(^|i)!(^i)! and this is a contradiction for p > 7. 
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Furthermore, there are 15 non-isomorphic strongly regular graphs with parameters (25,12, 5, 6 ) (see 
[21] ) and this completes the proof by Proposition 12.11 □ 

Proposition 3.3. The following groups are forbidden subgroups for a DS group: 

1) C™, m > 3, 

2) C 4 x C±, 

3) C 3 x C 6 . 

Proof. We first note that the line graph of the complete bipartite graph K m . n is Cartesian product of 
two complete graphs K m and K n . On the other hand, K m ^ n is not DS if and only if {m,n} = {4,4}, 
{m, n} = { 6 , 3}, or {m, n} = {21 2 + t, 2 t 2 — t} and there exists a strongly regular graph with spectrum 
{[2t 2 ] 1 , [f] 2<2 ~* _1 , [—t] 2 ^ +t_1 } (such a strongly regular graph comes from a symmetric Hadamard matrix 
with constant diagonal of size At 2 ) (see EH)- On the other hand, it is easy to construct a Cayley graph 
over C m x C n which is Cartesian product of two complete graphs K m and K n . Therefore 2, 3 are obvious. 
Recall that Hamming graph H(m,n), is Cartesian product of m complete graphs K n and H(m,m) for 
m > 3 are not determined by the spectrum (see 0) and this implies 1 and completes the proof. □ 

Remark 3.4. Some parts of Proposition 13.31 can also be proved by the results the next sections. For 
example C 4 x C 4 is not Cay-DS (see Table |1] and Theorem 14.311 . 

4. Cay-DS and DS p-Groups 

Using Theorem 13.21 we can prove Theorem 11.21 

Proof of Theorem 11.21 Let P be a Sylow p-subgroup (5-subgroup, respectively) of a finite Cay-DS 
group (DS group, respectively), where p > 3. It follows from Theorem 13.21 and Proposition 12.11 that P 
has no subgroup isomorphic to C p x C p . Since p > 2, Lemma 1.4 of [4] implies that P is cyclic. □ 
It is known that all groups of order at most 9 are DS (see [24]). In the following result, we prove that 
all groups of order at most 11 are DS. 

Proposition 4.1. Every group of order at most 11 is DS. 

Proof. There are two non-isomorphic groups of order 10, specially the cyclic group C 10 and the dihedral 
group Dio- The total number of non-isomorphic connected Cayley graphs over Dio and C 10 are 16 
and the non-isomorphic mates are not cospectral. Therefore, the latter groups are Cay-DS. By [[9], p. 
398], there are only two pairs (Fi,r 2 ) and (r^T!]) of regular non-isomorphic cospectral graphs with 
10 vertices (here T c denotes the complement of the graph T). The graphs T 1 and T 2 are shown in the 
Figure [1] We have checked that non of these four graphs are cospectral with any of 32 Cayley graphs 
over the groups of order 10. Hence all group of order at most 10 are DS. 

The only group of order 11 is C\ \ and by the main result of HQ3, C\ 1 is Cay-DS. Now we prove that 
Cn is also DS. The total number of non-isomorphic connected Cayley graphs on C\ \ is equal to 7, as 
follows: one is 2-regular, two are 4-regular, two are 6 -regular, one is 8 -regular and one is 10-regular. It 
is easy to see that the 8 -regular graph is the complement of the 2 -regular graph and so, both of them are 
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DS. Also, the 10-regular graph is DS, since it is the complete graph with 11 vertices. The two remaining 
6 -regular graphs are the complement of two 4-regular graphs. The characteristic polynomials of these 
two 4-regular graphs are (x — 4) (a; 5 + 2x 4 — 5x 3 — 13x 2 — lx — l) 2 and (x —4)(x 5 + 2x 4 —5x 3 —2x 2 +4x —l) 2 . 
We have 265 non-isomorphic 4-regular graphs and none of them are cospectral mate of our two 4-regular 
Cayley graphs. This completes our proof. □ 




Figure 1. The regular cospectral graphs with cospectral complement 

In the following, we use the symbol Sq to show that S' is a symmetric subset of the group G. Also, 
the symbol (Sg 1 ,Sg 2 ) means two Cayley graphs Cay{G\, and Cay(G2 , Sg 2 ) are non-isomorphic 
cospectral mates. We have used the software GAP [26] to do our calculations and writing algorithms. 
Also, when we write G”, it means that the group G is of order n and has i-th position in the standard 
library of group theory package in GAP. 

We need the following lemma in the proof of Theorem 14.31 

Lemma 4.2. The only group of order 32 in which all of whose maximal subgroups are isomorphic to 
either G]® or G]| is isomorphic to G 3 q. 

Proof. It can be checked by GAP [26] using its Small Groups Library. □ 

In the following, we characterize all finite Cay-DS 2-groups. Indeed all finite Cay-DS 2-groups are 
DS with two possible exceptions G]® and G]®. 

Theorem 4.3. Let G be a 2-group of order 2 n , n > 1. Then 

1) if 1 < n < 3, then G is DS, 

2) if n = 4, then G is Cay-DS if and only if G = G]| or G]|. 

3) if n > 5, then G is not Cay-DS. 

Proof. 1) The proof follows from Proposition 14.11 

2 ) We have to notice that there are exactly 14 non-isomorphic groups of order 16 (e.g., use AIIS- 
mallGroups(16) of GAP [26]). The presentations of groups of order 16 are given in Tabled] In Tabled 
we exhibit non-isomorphic cospectral Cayley graphs for 12 of these groups with the exceptions G]| and 
G]|. This means that all groups of order 16 are not Cay-DS with possible exceptions G]® and G]®. To 
prove that the latter groups are Cay-DS, we have simply constructed all connected Cayley graphs over 
all groups of order 16 and examined that each connected Cayley graph over G]| or G]| is not copsectral 
with a non-isomorphic Cayley graphs over any group of order 16. In this process, we have used GRAPE 
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package [23] of GAP [26]. 

3) If n = 5, then by Lemma POI and Proposition l 2 .il all groups of order 32, except possibly Gf q, are 
not Cay-DS. It remains to show that G|q is not Cay-DS. The latter is done in Table (3] by exhibiting a 
Cayley graph over Gjp which is copspectral and non-isomorphic to a Cayley graph over G| q. Therefore 
all groups of order 32 are not Cay-DS. 

Now since each 2-group of order 2 n (n > 5) contains a subgroup of order 32, it follows from Proposition 
I 2 T 1 that each 2-group of order at least 32 is not Cay-DS. This completes the proof. □ 

Proof of Theorem 11.21 (2). It follows from Theorem 14.31 


Table 1. The presentation of groups of order 16 



Note that in Tabled) the group G], 6 and G]| have the same “structure description” (C4 x C2) : C2 
according to the function StructureDescription of GAP [26] but of course they are non-isomorphic. 

Table 2. Non-DS groups of order 16 with their non-isomorphic cospectral mates 



In the following, we study Cay-DS 3-groups. All groups of order 9, which are isomorphic to Cg or 
G3 x C3, are Cay-DS by Proposition l4.il 
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Table 3. The group (C 2 x Qg) : C 2 is not Cay-DS 


n 32 

r< 32 
'jRn 


(a, b|a 4 = b 2 = 1 , (ba 1 
(a, b, c, cZ|a 2 = d 2 = b 4 = 


) 4 = 1 , (ba 4 ba ) 2 = 1 , a(ba 2 ) 3 ba = l) 

= c 4 = 1 , b 2 c 2 = 1 , bc~ 1 b~ 1 c~ 1 = 1 , (ab -1 ) 2 - 1 , acac -1 = 1 , bdb~ 1 d — 1 , cdc~ 1 d — 


,b, 


(ba) 2 (ab ) 2 , ba(a 2 b) 3 ab} ^32 

J Org 


{a, b, cZ, be 2 , 



1 , ac 2 dad — 


i> 


Theorem 4.4. Lei G be a group of order 27. Then G is Cay-DS if and only if G = C 27 . 

Proof. There are exactly 5 non-isomorphic groups of order 27. In Table [U presentations of all these 
groups except C 27 are given. Also, a non-isomorphic cospectral Cayley graphs for each of the latter 4 
groups is exhibited in Table [5) The only remaining group is C 27 for which there are 920 non-isomorphic 
connected Cayley graphs. None of the latter Cayley graphs has a non-isomorphic cospectral mate 
among Cayley graphs over groups of order 27. This claim is checked by the GARPE package of GAP. 
This completes the proof. □ 

Proof of Theorem 11.21 (3). Let P be a Sylow 3-subgroup of a finite Cay-DS groups which is not isomor¬ 
phic to C 3 x C 3 . If |P| < 27, then by assumption, P is cyclic of order 1, 3 or 9. So we may assume 
that \P\ > 27. Then P contains a subgroup of order 27. Let Q be any subgroup of order 27 of P. It 
follows from Theorem 14.41 and Proposition 12.II that Q is cyclic of order 27. Since every subgroup of P of 
order at most 27 is contained in a subgroup of order 27, it follows that P has no subgroup isomorphic 
to C 3 x C 3 . Now Lemma 1.4 of [1] implies that P is cyclic. □ 

Table 4. The presentation of groups of order 27 


Gl 7 = C 9 xC s = {a, b|a 9 = b 3 = 1, ab = ba) 

Gf = (C 3 X C 3 ) : C 3 = (a, b|a 3 = b 3 = (ab) 3 = (ab " 1 ) 3 = l) 

Gl 7 = C 9 :C 3 = (a, b\a 9 = b 3 = 1, b~ 1 ab = a -2 ) 

G 27 = C 3 X C 3 X C 3 = (a. b, c\a 3 = b 3 — c 3 = 1, ab — ba , ac = ca, be = cb) 


Table 5. Non-DS groups of order 27 with their non-isomorphic cospectral mates 



In this section we prove Theorem 11.31 that is we determine exactly when the dihedral group Z? 2 P is 
Cay-DS for any prime number p. 
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Proof of Theorem 11.31 By Proposition 14.11 the dihedral group D 2p for p = 2,3 and 5 is DS. Also, 
by GAP [26] it is checked that D 2 P is Cay-DS for p = 7 and p = 11. Now for each prime number 
p > 13, we construct a pair of non-isomorphic cospectral Cayley graphs of degree 6 over Z) 2p . Suppose 
a and b denote two arbitrary but from now on fixed elements of D 2p of orders 2 and p respectively. Let 
S = {a, ab, ab 2 , ab 6 , ab s , ab 11 } and T = {a, ab 2 , ab 4 , ab 5 , ab 10 , ab 11 }. Note that all elements of subsets S 
and T are involutions. For a set X of integers, let (3; v(c), 0 < c < p — 1, denotes the total number of 
solutions (x, y) E X X X of equation 

x — y = c (mod p). 

It is easy to see that for each integer number c, 0 < c < p — 1, (3s(c) = /3 t(c). It follows from Corollary 
4.2 of [3], two Cayley graphs Cay (H 2p , S) and Cay (.D 2 p ,T) are cospectral. Now we show that these 
two Cayley graphs are not isomorphic. Since D 2p is a Cl-group 12.61 it is sufficient to show that there is 
no automorphism a E Aut(H 2p ) such that T a = S. An arbitrary automorphism of Z) 2p has the form as 
follows 

J a i->- ab l 0 < l < p — 1 

\ b (->■ b s 1 < s < p — 1 

Therefore, we must show that two sets S and T a = {1,1 + 2s,l + 4s, ^ + 5s, l + 10s, l + 11s} are not 

equal (in mod p), for any values of 0 < l < p — 1 and 1 < s < p — 1. Suppose, for a contradiction, that 

S = T a , then there are suitable l and s such that we have 

}Z a±s = 0, l T u 2 s = 1 ,1 ~\~ a$s = 2, l T a^.s = 6 , l -{- a$s = 8 ,1 ~\~ a§s = 11}, 

where, ^ aj,i ^ j and at G (0,2,4, 5,10,11}, 1 < i < 6 . 

Since exactly one of is zero, there exist at most six possible values for the parameter l which 
are 0,1,2,6 ,8 or 11. Now we investigate each possible case for l and show that in each case we get a 
contradiction. 

case 1 : ai = 0 

Then l = 0 and as — 04 = 03 , which is impossible, 
case 2 : a 2 = 0 

It follows that l = 1 and as — 04 = 2 a 3 , a contradiction, 
case 3: 03 = 0 

Thus l = 2 and 04 — a .5 = 2a 2 , a contradiction, 
case 4: 04 = 0 

Then l = 6 and a 2 — ai = 03 , a contradiction, 
case 5: 05 = 0 

So l = 8 and ai — 03 = 04 , which is impossible, 
case 6 : a& = 0 

This case is a little challenging. It follows that l = 11 and 5as = 3 a 4 . Thus we must determine 
for which primes p the latter equalities are valid. We have to examine all cases where 04 E 
{2,4,5,10,11} and 05 E {2,4,5,10,11} such that 04 / 05 . Checking by hand and doing some 
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simple calculations (noting that p > 13) we find that if p ^ {13,17,19, 23,43}, then there is no 
solution for the equation 5as = 3 a 4 . 

Therefore, to complete the proof, we must only check the equality S = T a for the primes p £ 
{13,17,19,23,43}. It is done by simple calculations in GAP [26] and the latter equality is not pos¬ 
sible for the primes p £ {13,17,19, 23,43}. This completes the proof. □ 


Corollary 5.1. Let D 2 n be the dihedral group of order 2 n. If D 2 n is Cay-DS, then n £ {1, 2,3,4, 5, 7,9} 
or n = ll fc for some integer k > 1. If n £ {1, 2,3,4, 5, 7,9,11} then D 2 n is Cay-DS. 

Proof. It follows from Proposition 14.11 Do„ is Cay-DS for every n £ {1,2,3,4,5}. Also by computation 
it is verified that for n £ {7,9,11} the group I? 2 n are Cay-DS. Now suppose that Z> 2 n is Cay-DS. By 
Theorem m the factorization of n must be of the form n = 2 m 3 9 5 r 7 s ll fc , for some integers m,q,r,s 
and k. By the results in the Table [ 6 } we have n = ll fc , which completes our proof. □ 

Table 6 . Some special dihedral groups which are not Cay-DS 



We do not know whether D 2 .n 2 = D 242 is not Cay-DS. If it is the case, we completely determine 
positive integers n for which TBn is Cay-DS. 
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6. Finite DS groups are solvable 

In the next lemma, we determine the Cay-DS property of some groups which are needed to prove the 
next theorem. 


Lemma 6.1. The groups [Ci xCjX C 2 ) ■ C 7 = (a,6|a 7 = b 2 = (aba 1 b) 2 = aha 3 (6a) 2 = l) and 
are not Cay-DS. 


Proof. In the Table [3 we give the presentations of the above groups and two inverse close subsets of 
these groups which the Cayley graphs derived from them are not isomorphic but are cospectral. The 
computation done by GAP [26] . □ 

Table 7. Some special groups which are not Cay-DS 


/"fOO 

^11 


= (a,b\a 7 = b 2 = (aba 1 b) 2 = aba 3 (ba) 2 = l) 
{6, a ±2 , aba -1 , a 3 (ba~ 1 ) 2 b~ 1 a, a A b -1 a} g $q , { b , 


, aba 1 , a 4 ba 1 



({(2, 3)(4, 5), (2, 4)(3, 5), (2, 5)(3, 4), (1, 2)(4, 5), (1, 2)(3, 4), (1, 3)(4, 5), (1,4)(3, 5)} , 
{(2, 3)(4, 5), (2, 4)(3, 5), (2, 5)(3, 4), (1, 2)(4, 5), (1, 2)(3, 4), (1, 3)(4, 5), (1, 4)(2, 3)}) 


Proof of Theorem 11.41 Suppose, for a contradiction, that G is a finite non-solvable DS group of 
minimum order. Since every subgroup and quotient of a DS group is DS by Proposition 12.11 and 
Theorem 12.41) and the class of solvable groups is closed under extensions and subgroups, G is a finite 
non-abelian simple group. By Theorem 1 of [7], G contains a minimal simple group H. By Thompson’s 
classification of minimal simple groups [25], H is isomorphic to one the following groups: 

1 ) PSL 2 ( 2 P ), p a prime, 

2 ) PSL 2 (3 p ), p an odd prime, 

3) PSL 2 (p), p > 3 a prime congruent to 2 or 3 mod 5, 

4) Sz (2 P ), p an odd prime, 

5) PSL 3 (3). 

Now we prove that none of the above groups are DS. The group PSL 3 (3) is not DS: for it can be easily 
seen by GAP [26] that PSL 3 (3) has a subgroup isomorphic to D 12 , which is not DS by Corollary 15.11 

The group PSL 2 (p), p > 3 a prime congruent to 2 or 3 mod 5, has the dihedral groups D p -1 and 
D p+ 1 as its subgroups jT3J HauptSatz 8.27, p. 213]. By Theorem 11.31 we have p — 1 = 2 tl 3* 2 7* 3 ll t4 
and p + 1 = 2 Sl 3 S2 7 S3 ll S4 , since p is congruent to 2 or 3 mod 5. By Corollary 15.11 the groups D 2 2 xll , 
£* 2 x 3 x 7 ) £* 2 x 3 x 11 ) £* 2 x 7 2 and £* 2 x 7 x 11 are not Cay-DS. So, the only possible cases for the factorization 
of p — 1 and p + 1 are 2x3, 2x7, 2x11 and 2 x ll* 1 ’ for some integer k. All these cases are impossible, 
since p is congruent to 2 or 3 mod 5. 

The center of any Sylow 2-subgroup of a Suzuki group Sz (2 P ), p an odd prime, is elementary abelian 
of order TP [14!, p. 182], It follows from Theorem 14.31 that p = 3. But using GAP it is easy to see that 
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Sz ( 8 ) has the group D 25 as a subgroup and by Theorem 11.31 it is not Cay-DS. 

The Sylow 2-subgroup of PSL 2 (2 P ), p a prime, is an elementary abelian group of order 2 P [131. Haupt- 
Satz 8.27, p. 213]. By Theorem 14.31 we have p = 2 or p = 3. If p = 2, then PSL 2 (2 2 ) is isomorphic to 
A 5 , the Alternating group of order 60. If p = 3, then PSL 2 (2 3 ) has the subgroup (C 2 x C 2 x C 2 ) ■ C 7 . 
By Lemma 16.11 these two latter groups are not DS. 

The Sylow 2-subgroup of PSL 2 (3 P ), p an odd prime, is an elementary abelian group of order 3 P [l3l 
HauptSatz 8.27, p. 213] which is not a DS by Theorem 14.41 as 3 P > 27. □ 

The following result shows that the structure of finite DS groups is somehow restricted. 

Theorem 6.2. Let G be a finite DS group of odd order. If Sylow 3-subgroups of G are not isomorphic 
to C 3 x C 3 , then G has the following presentation 

G = (a, b\a m = 1 = b n , b~ l ab = a r ) 

where r n = 1 (mod m), m is odd, 0 < r < m, and rn and n (r — 1 ) are coprime. 

Proof. By Theorem 11.21 all Sylow subgroups are cyclic. Now it follows from Theorem 10.1.10 of [22] 
that the group G has a presentation as stated in the theorem. This completes the proof. □ 
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